In this work, we consider a semi-infinite discrete nonlinear Schrödinger equation with saturable nonlinearity driven at one edge by a driving force. The equation models the dynamics of coupled photorefractive waveguide arrays. It has been reported that when the frequency of the driving force is in the forbidden band, energy can be transmitted along the lattices provided that the driving amplitude is above a critical value. This nonlinear tunneling is called supratransmission. Here, we explain the source of supratransmission using geometric illustrations. Approximations to the critical amplitude for supratransmission are presented as well.
Introduction
Mathematical models assuming nonlinear systems can lead to the emergence of new structures and nontrivial phenomena. 1 An exotic phenomenon has been discovered recently by Geniet and Leon 2 in a semi-infinite chain of coupled nonlinear oscillators driven at one edge by a time-periodic driving force. A plane wave scattered onto the medium by the periodic driving force should be totally reflected if its frequency falls in the system's band-gap. Yet, above a certain amplitude threshold, the incident wave was shown to generate a sequence of nonlinear modes propagating in the medium. 2, 3 This property is then called nonlinear supratransmission, which has been shown to be present in several different models, 4 including nonlinear transmission in coupled optical waveguide arrays.
In this work, we consider nonlinear supratransmissions in the discrete nonlinear Schrödinger (NLS) equation with saturable nonlinearity. The system, which is also called the discrete Vinetskii-Kukhtarev equation, 6 models the dynamics of the complex electric field envelope in waveguide arrays using photorefractive materials.
7
One particular motivation of choosing this system is its intriguing result that sitecentered localized modes can exchange their linear stability with intersite-centered modes,
8 which leads to the existence of genuinely localized traveling waves. 9 This waveguide array is then a good candidate for utilizing nonlinear supratransmissions to transmit binary information in discrete, semi-infinite system.
10−12 It is significantly different from the regular discrete NLS equation with cubic nonlinearity, which has a short range of operating driving frequency for a quasi-traveling gap soliton. 5 The main purpose of this report is then to study this supratransmission, to understand its source and, if possible at all, to obtain the threshold amplitude numerically and analytically.
The report is presented as follows. In Section 2, we consider numerically the discrete NLS equation with saturable nonlinearity as our model equation. We also present some simulations of the dynamics of the equation for different values of the driving amplitude, from which we illustrate the notion of supratransmission discussed in this paper. In Section 3, we analytically derive approximate expressions of the threshold amplitude for supratransmission. Finally, Section 4 gives a conclusion on supratransmission phenomena in a discrete NLS equation with saturable nonlinearity.
Numerical Results
We consider the discrete equation
with n = 2, 3, . . . , N, and driven at the boundary such that the governing equation at the site n = 1 is given by
The dependent variable ψ n then denotes the complex electric field envelope, the parameter c is the coupling constant that characterizes the tunneling coefficient, while the parameter γ > 0 sets the strength of the nonlinearity. Without loss of generality, the coupling constant will be scaled to c = 1. The variable z represents the propagation distance variable, A is the driving amplitude and ∆ is the driving frequency. Following Ref. 5, the driving is turned on adiabatically by assuming the form A → A(1 − exp(−z/τ )) to avoid the appearance of an initial shock. In the following figures, we take τ = 50 and apply a linearly increasing damping to the final 10 sites to suppress edge reflection.
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First, we need to recognize the allowed linear band of Eq. (2.1). Substituting ψ n = δ exp (i(−∆z + kn)), |δ| 1, into the equation yields the dispersion relation ∆ = γ − 2c(cos k − 1) from which we obtain the linear band
It is then expected that if the driving frequency is in the allowed band, any driving amplitude A will excite all the sites. On the other hand, if the driving frequency is in the band-gap ∆ < γ or ∆ > γ + 4c, a small A will only excite several neighboring sites. Yet, if the driving amplitude is large enough, then a train of moving discrete solitons can be released. 5 This flow of energy is the aforementioned supratransmission or the nonlinear forbidden band tunneling, and we call the minimum A for supratransmission to occur as critical threshold A thr . In this work, we consider the special case γ 1, which can be implemented experimentally. 7, 13 For illustrative purposes, throughout the paper we take γ = 20. In Fig. 1 , we present numerical simulations of the dynamics of Eqs. (2.1) and (2.2). Shown in the top left panel is a three-dimensional plot of the time evolution in the allowed band corresponding to the NLS equation with saturable nonlinearity. Presented in the top right and bottom left panels are the dynamics of the equation when the driving frequency is in the band gap with the driving amplitude below and above the threshold value, respectively. Observe that the two plots have a completely different pattern even though the difference in the driving amplitude is very small. Summarized in the bottom right panel is the critical threshold amplitude A thr as a function of the driving frequency ∆. Shown in dotted and dashed curves are two approximations of A thr that will be derived in the subsequent section. We observe that these approximations are in a good agreement with the numerical results when ∆ is of O(1).
Theoretical Analysis
Due to the application of the driving force at the boundary, it is then obvious that the complex-valued discrete function ψ n will have the same propagation constant, i.e. the frequency, as the driving frequency. Therefore, we seek stationary solutions to Eqs. (2.1) and (2.2) in the form of ψ n (z) = φ n e −i∆z , where φ n is a real-valued function. Equations (2.1) and (2.2) then give us
As shown in Refs. 7 and 13, when γ 1 and ∆ ∼ O(1); the discrete system can be approximated by a few neighboring sites only. It is therefore justified in this limit case to approximate Eq. (3.1) by
The roots of F to the leading order would correspond to the so-called fast-decaying static solution to Eqs. (3.1).
14 The plot of F is presented in Fig. 2 , where we zoom in on the region of the roots close to φ 1 = 0.
As presented in Fig. 2 , there are two particular roots of F which are of interest to us. It is interesting to note that as A increases, the solid curve of F is shifted upward so that the two roots approach each other. Yet, there is a critical value of A at which the roots coincide. If A increases further, the roots disappear in a saddle-node bifurcation. Since these roots correspond to the fast-decaying static solution to (3.1) (see the top right panel of Fig. 1 ), one can conclude that the critical A at which the roots of F disappear in a bifurcation also correspond to the threshold amplitude A thr for supratransmission. Hence, we have naively shown that supratransmission exists because of a saddle-node bifurcation in the static solution to Eqs. (2.1) and (2.2). For a rigorous proof and detailed analysis, the reader is encouraged to consult Ref. 14. A saddle-node bifurcation occurs when the local minimum of F in Fig. 2 becomes a root of the function. Solving F φ1 = 0 for φ 1 yields φ 1 = 1 + O(1/γ). Substituting this value of φ 1 to F and solving it for A then gives us the first two terms of the threshold amplitude,
which approximates well the numerically obtained A thr when ∆ ∼ O(1), as is depicted by the dotted curve in the bottom right panel of Fig. 1 . This approximation can be improved by including more higher order terms in the expansion of F , as illustrated in the following. To calculate one order correction higher, the proper approximation of Eq. (3.1), instead of (3.2), is now given by
By writing
2 ), one will find from F 2 thatx 2 = 1. Substituting this result into F 1 will yieldx
From this correction coefficient, it is indeed clear that the approximation (3.4)-(3.5) [cf. (3. 2)] has two roots. The roots are real provided thatÃ ≤ (∆ − 1)(∆ − 3). They collide and disappear in a saddle-node bifurcation whenÃ = (∆ − 1)(∆ − 3). Therefore, we next find that the first three terms of the threshold amplitude for 
The plot of this approximation compared to the numerical results is also presented in Fig. 1 (the dashed curve of the bottom right panel).
Conclusion
To conclude, we have studied supratransmission phenomena in a discrete NLS equation with saturable nonlinearity and explained their source. We noticed that when the driving frequency is in the allowed band, any driving amplitude will lead to an energy transmission to remote sites. On the other hand, if the driving frequency is in the band-gap, only a small driving amplitude will excite several neighboring sites. We have shown the occurrence of supratransmission by comparing the dynamics of the equation by taking the driving amplitude below and above the critical threshold amplitude. We have also derived two approximate expressions to the threshold amplitude for supratransmission, which are good to the order of ∆ ∼ O(1).
